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ABSTRACT: Dynamics of four-dimensional massless fields of all spins is formulated in the
Siegel space of complex 4 x 4 symmetric matrices. It is shown that the unfolded equations of
free massless fields, that have a form of multidimensional Schrodinger equations, naturally
distinguish between positive- and negative-frequency solutions of relativistic field equations,
i.e., particles and antiparticles. Multidimensional Riemann theta functions are shown to
solve massless field equations in the Siegel space. We establish the correspondence between
conserved higher-spin currents in four-dimensional Minkowski space and those in the ten-
dimensional matrix space. It is shown that global symmetry parameters of the current in
the matrix space should be singular to reproduce a nonzero current in Minkowski space.
The D—function integral evolution formulae for 4d massless fields in the Fock-Siegel space
are obtained. The generalization of the proposed scheme to higher dimensions and systems

of higher ranks is considered.

KEYWORDS: Field Theories in Higher Dimensions, Space-Time Symmetries, Global Sym-
metries, Differential and Algebraic Geometry

ARrRX1v EPRINT: 0801.2191

© SISSA 2009 doi:10.1088,/1126-6708/2009/03/125


mailto:gel@lpi.ru
mailto:vasiliev@lpi.ru
http://arxiv.org/abs/0801.2191
http://dx.doi.org/10.1088/1126-6708/2009/03/125

Contents
1 Introduction

2 Preliminaries
2.1  Unfolded formulation and symmetries
2.2 Initial data problem
2.3 Higher-spin currents

3 Quantization and Siegel space

4 Bilinear currents
4.1 Current equations
4.2  Siegel strip and bilinear currents

4.3 Appropriate classes of solutions

5 From M, to Minkowski space
5.1 Idea of construction
5.2 Integration cycle

6 Integral evolution formulae
6.1 D-functions
6.2 Evolution formula in My
6.3 Evolution formula in the Fock space
6.4 Composition properties of the D-functions
6.5 Solutions associated with the D-functions

7 Higher rank conserved currents

8 Riemann theta functions as solutions of higher-spin equations
8.1 Theta functions in the Fock-Siegel space

8.2 Theta functions and massless fields in Minkowski space
9 Conclusion

A Ring of solutions of massless equations

1 Introduction

NoIEEN BG BTN

10

13
13
15
17

18
18
20

21
21
22
25
25
26

26

28
28
31

32

33

The idea that a set of massless fields of all spins in the four-dimensional space should admit

a natural description in the ten-dimensional space M, with real symmetric matrix coordi-



nates X4P = XBA (A, B,... =1,...,4) was originally proposed by Fronsdal in [1]. Later,

the same conclusion was independently reached in [2]. The dynamical equations in My,

that for M = 4 are equivalent to the field equations for massless fields of all spins in the

four-dimensional Minkowski space M*, are very simple [3]. All integer spin fields of M* are

described in My by a single scalar field b(X) that satisfies the Klein-Gordon-like equation
0? 0?

(aXABaXCD - aXACaXBD>b(X) =0 (1.1)

All half-integer spin fields are described by a single fermion field fp(X) that satisfies the
Dirac-like equation

0 0
WfC(X) - aX—ACfB(X) =0. (1.2)

The equations (1.1) and (1.2) were derived in [3] from the system of equations

) 02
<8XAB +“aYAayB> CY|X)=0, (1.3)

where Y4 were treated as auxiliary commuting variables (the parameter p # 0 is introduced
for the future convenience). Although the equations (1.1)—(1.3) were originally considered
for M = 4, they make sense for any M.

The equations (1.3) express the first derivatives with respect to space-time variables
X4B in terms of the fields themselves. As such, they belong to the class of unfolded partial
differential equations (PDE) that, more generally, express the exterior differential of a set
of differential forms in terms of exterior products of the differential forms themselves. Such
a first-order form of dynamical field equations can always be achieved by introducing a
(may be infinite) set of auxiliary fields which parameterize all combinations of derivatives
of the dynamical fields that remain non-zero on the field equations. For example, in the
system (1.3), the dynamical fields are

b(X)=C(0|X) (1.4)
and 5
falX) =5z

As a consequence of (1.3), they satisfy, respectively, the equations (1.1) and (1.2). All
the fields

C(Y|X)‘Y . (1.5)

8n
Cayon, (X) = WC(”X)‘H’ n>1 (1.6)

are auxiliary, being expressed via higher X-derivatives of the dynamical fields by virtue
of the equations (1.3). In [3] it was shown that the equations (1.1) and (1.2) along with
constraints that express the auxiliary fields via X-derivatives of the dynamical fields ex-
haust the content of the unfolded system (1.3). That the equations (1.3) formulated in the
ten-dimensional space-time, still describe massless fields in four dimensions was also shown
in [3] using the unfolded dynamics approach (see also section 2).

Theories in Mj; have been studied in a number of papers from different perspec-
tives [4-19]. In this paper, we will further study the higher-spin (HS) theory in the ma-
trix space.



The main practical goal is to show how HS conserved currents in M, found in [5]
reproduce usual HS conserved currents in Minkowski space found in [20]. The analysis is
not completely trivial since the conserved charges in My contain an additional integration
over one spinning variable. The apparent difficulty is that the compact spin space is
contractible to zero, hence implying that the charge must vanish for regular solutions of the
field equations in My. A standard way out would be to integrate over a noncontractible
cycle in My, (In fact, in its Sp(2M) invariant compactification which is Lagrangian
Grassmannian [1, 4].) We have not been able to proceed along these lines, however. Instead
we will show in this paper that the Minkowski charge is correctly reproduced by virtue of
introducing a singularity that effectively makes the integration cycle over the spinning
variable noncontractible. The obtained results may have several applications.

First of all, conserved currents determine the lowest order Noether interactions with
the HS gauge fields associated with the HS symmetries. It is straightforward to introduce
cubic interactions of HS gauge potentials with conserved currents via replacing the global
symmetry parameters 7 in the charge by the corresponding HS one-form gauge connections.
The results of this paper show that, to reproduce correctly the HS interactions in the
four-dimensional setup, HS potentials in My should develop a singularity in the spinning
directions. In other words, the results of this paper indicate that there are nontrivial fluxes
in the spinning directions in My, that support charges in Minkowski space.

Another application is that the obtained formula for conserved charges allows us to
write the integral evolution representation for solutions of massless field equations in My
with the help of D-functions introduced in [4]. Generically, D-functions provide the integral
representation for solution of field equations of the form

C(X) = /Z D(X, X )C(X")dX', (1.7)

where Y is a surface where the initial data are given. Formulae of this type should respect
a number of properties. Firstly, D(X, X’) should form a solution of the field equations

under consideration with respect to X. Secondly, D(X, X') s 0y (X — X'). Thirdly,
‘e

the formula (1.7) should be independent of local variations of ¥ which property is satisfied
if D(X, X" ) solves the field equations with respect to X’ and (1.7) is defined as a conserved
charge with respect to X’ . The proper definition of the integration measure dX’ in (1.7) is
achieved in this paper. Note that so defined D-function satisfies the composition property

D(X,X') = / DX, X" )D(X", X' )dX" .
b))

In the analysis of HS currents, we find it most convenient to depart from the real space
My to its complexification $ys known as upper Siegel half-space [21] (see also [22]). It
turns out that in this framework positive- and negative-frequency solutions identify with
holomorphic and antiholomorphic solutions in the upper Siegel half-space. M, is a bound-
ary (absolute) of the Siegel half-space. A surprising conclusion will be that unfolded field
equations themselves distinguish between positive- and negative-frequency solutions of the
field equations, i.e., between particles and antiparticles, the property usually delegated to



the quantization procedure. It is worth to mention that the unfolded equations have a form
of multidimensional Schrodinger equations. These conclusions may eventually be of key
importance for a deeper understanding of the interplay between unfolding and quantization.

Once the HS field equations are reformulated in the Siegel space, it is straightforward
to observe that they are solved by Riemann theta functions. This fact is truly remarkable in
view of the role that theta functions play in modern geometry, theory of integrable systems
and String Theory, and is hoped to shed more light on fundamental structures underlying
HS theory. Let us note that in some sense theta functions provide most symmetric non-
zero solutions of massless field equations. Namely, they are invariant up to a phase under
the transformations from the Igusa group I'i o C Sp(2M,Z) (see [22] for more detail).
This class of solutions may indeed play a distinguished role in the HS theory because the
observables constructed from such solutions, like, e.g., conserved currents, turn out to be
invariant under I'y 2. Note also that some of the properties of theta functions admit natural
interpretation in terms of the unfolded massless field equations.

All seemingly different aspects of HS theory considered in this paper take their origin
in the symmetry properties of the massless field equations (1.3), i.e., HS symmetries.
One of the advantages of the unfolded formulation is just that it makes symmetries of
PDE manifest. Therefore we start in section 2 by recalling some relevant facts of the
unfolded formulation approach, with the emphasize on symmetries in Subsection 2.1. In
Subsections 2.2 and 2.3 we recall, respectively, the relationship between the ten-dimensional
space My and Minkowski space M* and some known results on HS conserved currents in
My and M*. In section 3, we extend the unfolded description of massless higher spins
to the complex Siegel space and explain how unfolded field equations distinguish between
positive- and negative-frequency solutions. In section 4, we develop further the construction
of conserved currents by extending Mjy; to Mjyr x RM x RM where we introduce a 2M-
form, that is closed by virtue of certain unfolded equations, and show how it reproduces the
previously known closed M-forms associated with conserved currents. Then, in section, 5
we show how the known 4d currents result from those in My after introducing a singular flux
in the spinning directions. Using D-functions found in [4] and the obtained construction of
conserved currents, we derive in section 6 the integral evolution formulae for solutions of the
massless field equations in My. Multilinear conserved currents are considered in section 7.
In section 8, we show that Riemann theta functions form a natural class of periodic solutions
of massless field equations. Conclusions and perspectives are discussed in section 9. In
appendix, we describe a commutative associative product law o which endows the space of
solutions of unfolded equations of any rank in M, with the commutative ring structure.

2 Preliminaries

A natural approach to the study of dynamical equations of motion in the HS gauge theory,
referred to as unfolded formulation, consists of reformulation of PDE in the form of cer-
tain covariant constancy conditions [23]. Using this approach, consistent gauge invariant
nonlinear HS equations of motion were found in [24-26] for HS theories in three, four and
any dimension, respectively, (see [27-29] for reviews and more references). The unfolded



formulation is particularly useful for revealing symmetries and dynamical content of PDE
as discussed e.g. in [10]. Here we briefly recall some properties of this approach.

2.1 Unfolded formulation and symmetries

Consider a system of linear PDE of the form

0
— _ k
(d+w)C(X) =0, d=dX Xk’ (2.1)
where C'(X) is a section of the trivial vector bundle B = R? x V over the space-time base
R? with the local coordinates X*

V — B

!
RY,

with a linear space V' as the fiber. In the cases of interest V identifies with an appropriate

space of power series f(Y) = > % ) fa,. 4, (X)YA1 ... Y4 in some auxiliary variables Y4,

ie.,, C(X) with values in V is realized as a function C(Y|X) of the two types of variables.
The one-form w(X) = dX*wy(X), that satisfies the flatness condition

1
dw+§[w,w]20, (2.2)

is some flat connection of a Lie algebra g C EndV with the Lie product [,]. (Here we
discard the wedge product symbol A .)

The equation (2.1) is invariant under the global symmetry g. Indeed, the system (2.1)
and (2.2) is invariant under the infinitesimal gauge transformations

dw(X) = de(X) + [w(X),e(X)],
5C(X) = —e(X)C(X), (2.3)

where €(X) is an arbitrary symmetry parameter that takes values in g. For a given w(X),
there is a leftover symmetry with the parameter ¢(X), that satisfies

Sw(X) = de(X) + [w(X), e(X)] = 0. (2.4)

This equation on ¢(X) is consistent as a consequence of (2.2), i.e., the Bianchi identity
d?> = 0 does not impose any further conditions on (X ). Therefore, it reconstructs locally
the dependence of €(X) on X in terms of its values €(X() at any point X, of space-time.
In the absence of topological obstructions, the resulting global symmetry algebra with
the parameters €(X) is g. It is therefore enough to observe that some dynamical system
can be reformulated in the form (2.1), where a flat connection w(X) takes values in some
algebra g that acts in V, to reveal the global symmetry g (2.3) of the system (2.1). This
approach is general since every g-invariant linear system of PDE can be reformulated in
the form (2.1) by adding enough auxiliary variables (nonlinear systems are described in
terms of an appropriate generalization associated with free differential algebras [30, 31] as
explained e.g. in [9, 19, 23, 27]).



From this analysis it follows [3] that the equations (1.3) and, hence, (1.1) and (1.2) are
invariant under sp(2M,R) and its infinite-dimensional HS extension. Indeed, the 0-form
C(Y|X) can be interpreted as a section of the fiber bundle B = R™™ % V where V
is the Fock module of the associative Weyl algebra Ay, with the generators Y4 and Py,
that satisfy

[Py, YD) =064, v4,vB=o, [P4,Pg]=0.

The Weyl algebra is spanned by various polynomials a(Y, P). The Fock module V' is
spanned by the vectors
Ve f(Y)[0)

generated from the Fock vacuum |0), that satisfies P4|0) = 0. Clearly, V' forms a module
of Apr as well as of the Lie (super)algebra (s)hs(2M) constructed from Aps via (anti)
commutators with even and odd subspaces identified with the spaces of even and odd
functions a(Y, P), i.e., a(=Y,—P) = (=1)"@q(Y, P). The algebras of this type were
identified in [32] with the HS symmetry algebras found in [33].! Note that we do note
rule out the Lie algebra hs resulting from Ay via commutators for all its elements because,
although, having wrong relationship between spin and statistics, it is of interest in the
context of the theory of theta functions considered in section 8. Note also that bosonic
spinorial symmetries of this class were recently considered in the four-dimensional setup
in [16, 36, 37].

The finite-dimensional subalgebra sp(2M ,R) C (s)hs(2M) is spanned by the genera-
tors

LB = %{PA JYBY Pap = PAPg, KAB —yAy B |

The equations (1.3) now take the form (2.1) with

0
d:dXABW, w:/,LdXABPAB. (25)

Since [Pap , Pocp] = 0, so defined w is a flat sp(2M) connection, that satisfies (2.2). Locally,

any flat connection admits a pure gauge representation
w(PY|X)=g¢g Y (P,Y|X)dg(P,Y|X). (2.6)
Using this representation, we solve (2.4) in the form
e(PY|X) =g YP,Y|X)eo(P,Y)g(P,Y|X), (2.7)
where €o(P,Y) is an arbitrary X-independent element of A,

oPY)=€ Y na.a Py yAnPg P
n,m>0

(2.8)

m

'Note that later on it was shown [34] that, although the even subalgebra of the Weyl algebra is indeed
the HS symmetry algebra of a nonlinear bosonic HS model with integer spin fields, in presence of fermions
both the symmetry and the field spectrum have to be doubled by adding the Klein operators [35] (see [19]
for a recent discussion in the context of the analysis in Mas). In this paper we do not introduce the Klein
operators, which however should be expected in a nonlinear supersymmetric theory.



For the flat connection (2.5), the pure gauge representation (2.6) holds with
g(PY|X) =exp (uX*BPsPg), ¢ Y (P, Y|X)=exp(—uXPP,sPg).
Let €o(P,Y) be of the form
€(P,Y) = —eexphPPg expjsY? = —eexp jah? expja¥V? exphPPp,

where j4 and h“ are numerical parameters. Then the global symmetry parameter (2.7)

takes the form
e(PY|X) = —eexpjah® exp (—uX*Pjajp) exp jaV* exp((h? — 2uXPjc)Pp) .
The resulting global symmetry transformation (2.3) reads as
C(Y|X) = eexp jah® exp (jaY* — pX*Pjajp) C(YP + hP —2uXPC50|X) . (2.9)

Note that this formula was derived in section 7.2 of [3] in the Weyl ordering, i.e., for
u=1and

1
e(PY) = exp(jAYA + hPPg) = exph®Pp exp jaY 4 exp <—§jAhB> .

Differentiating (2.9) with respect to h® and j4, it is easy to derive the transformation
law for any global HS symmetry with polynomial parameter ¢y(P,Y). In particular, at
i =1and M =4, the sp(8) transformations are [3]

PN = o] = 0o,
LaPoY|X) = <8h2;j +%5AB)6150(Y\X)(M:“20
_ <Y383A+ QXBCaXaCA +M5 B)C(Y\X),
2
KABO(Y|X) = ajfajBelacmX)‘hA“ )
<YBYA 2y 4 xBC 83 — 9y BxAC 83 —9XxAB _ 4xBC xAD a)?CD) C(Y|X).

Note that, as explained in more detail in [3, 19], sp(8) contains 4d conformal algebra
su(2,2) as a subalgebra. Therefore the equations (1.3) are conformal invariant. Irreducible
su(2,2) invariant subsystems correspond to 4d massless fields of different spins.

2.2 Initial data problem

Usual d—dimensional Minkowski space-time M is a subspace of the matrix space M for
an appropriate M. To describe the embedding of 4d Minkowski space-time into My it is
convenient to use complex notations with two-component indices o, 3 and o/, 3" in place
of the four-component indices A, B... with the convention that the complex conjugation

interchanges unprimed indices «, 3 = 1,2 with the primed ones o/, 3" = 1’,2'. We use



notation with four-component indices being equivalent to a pair of primed and unprimed
two-component Greek indices (e.g., A = a, /) and Y4 = (Y, V), where Y = Y@,
In terms of two-component complex spinors we set

XAB — (Xaﬁ’XaI@/’Xa/ﬁ/>

so that X7 is complex conjugated to X7 ie., XoB = XF" while X*¥' is hermitian,
XoB = XP For Minkowski coordinates, we will sometimes use notation 27" instead of
X" Two-component indices are raised and lowered according to

A% = 6aﬁA5, Aﬁ = 6aﬁAa, 6a5 = _560“ £12 = 1,

and analogously for primed indices.
Minkowski time ¢t and space coordinates z* are

X8 — pos 4 xiaf‘ﬁ/ 7 i=1,2,3, (2.10)

where 7' = §27 while Jiaﬁ / are hermitian traceless Pauli matrices. The Klein-Gordon
and Dirac equations in Minkowski space read as

0? 02
(8Xaﬁ/aX75’ - aXaé/anﬁ/>b(X) =0, (2.11)
0
Wfé( ) X(Sﬁlfa( )_ ) Xaﬁ/f’y( ) Xa’*//fﬁ( ) (2 12)

As shown in [4, 9], the generalized space-time M s admits the well-defined notions of

future and past. The (past)future cones of the origin X = 0 are formed by (negative)positive
definite matrices X4, There is a single time evolution parameter

1
t= MXABTAB, (2.13)
where 748 is some positive-definite time-arrow matrix. For a chosen time parameter ¢,
the global space-like Cauchy surface ¥, is parameterized as

XAB ey, XAB = pAB 4748 (2.14)

AB

where the space coordinates x“'” are arbitrary 7 — traceless matrices

2P Tip =0,  TapTP =69. (2.15)

A particular solution in M; can be reconstructed from the values of the fields along
with some their time derivatives on the global Cauchy surface. However, because the
system of equations (1.1) on the field b(X) is overdetermined, some of these equations play
a role of constraints that restrict the choice of the initial data on the global Cauchy surface.
Independent initial data can be given on a lower-dimensional object called local Cauchy
bundle E, which is a M —dimensional fiber bundle over a (d— 1)-dimensional base manifold
o € Y treated as the space manifold. The Minkowski space-time is R X ¢ C Mj; where R
is a time axis.



To see that initial data for the equations (1.1), (1.2) should be given on a M-dimensional
surface is most convenient by using their unfolded form (1.3). Indeed, the generic solution
of (1.3) can locally be given in the form

sy ) CO0),

where the “initial data” C(Y|0) is an arbitrary function of M variables Y4,

Note that the equivalence of the unfolded equations (1.3) to (1.1), (1.2) shown in [3]
manifests itself in the inverse formula that reconstructs the dependence of C'(Y|X) on Y
in terms of any functions b(X) and f4(X) that satisfy (1.1) and (1.2), respectively,

C(Y]X) = cos(s)b(X) + @YAMX)’ 5= \/iYAYB axaAB '

(2.16)

2.3 Higher-spin currents

The infinite set of conformal HS symmetries found in [3] is parameterized by various global
symmetry parameters (2.8). This suggests the existence of the corresponding conserved
HS currents. Indeed, in [5] it was shown that the M-form in My,

Qur(n, CF,CY = ec,..0p dXOA N LA dXCOMAM (2.17)

AM+LHAM+m)(AM+m+lBI )(AM+m+anle ( )
.. ,

"B ...Bn 1AM imin

where €c, . c,, is the totally antisymmetric multispinor and constants n are the HS sym-
metry parameters, is closed provided that the generalized stress tensor Tﬁll A (X)

0 0
T oYyA T gyA

is built of the fields C*(Y|X) and C!(iY|X) that satisfy (1.3). (Here k and [ are color

indices which take an arbitrary number of values.) The charge

TR 44 (X) —CHY|X)C'(iY]X) o (2.18)

Q(nack’cl): /QM(nackacl)a (219)
EM

is independent of local variations of a M-dimensional surface EM | i.e., it conserves.
On the other hand, HS charges in Minkowski space have the form

Q(U,Ckacl): / Qd—l(nack’cl)’ (220)

gd—1

where Q4_1(n, C*, C!) is a on-mass-shell closed (d — 1)-form dual to the conserved current,
and 09! is a (d — 1)-dimensional surface in the Minkowski space-time, usually identified
with the space surface R4 . The explicit expression for the on-shell closed three-form
Q3(n, C*, C") in 4d Minkowski space, obtained recently in [20], is

Qs(n, C*,CY = dzgar A dz® A dxwlwvw,yfn(w, uw)CF(Y)2)CH(iY |z) ,



where

0 0 ;0 / ;0
Ve = gy Ve = gy WS Gy ¥ =0 Gy
Equivalently,?
Q3(n, C*, CY) = daypy A dz™ A da?" (2.21)
na(n)a/(m)ﬁ(p)@(q)malu 1 gomt g’ xﬂma/mT%(p)u(m)v'ﬁ'(q)u’(n) (z)

is closed provided that T%! , (z) is the restriction of the stress tensor (2.18) to the
Minkowski space M* C My, that has only nonzero coordinates X% = 29" among X4,
and the fields C*(Y'|x) satisfy the 4d unfolded equations

82
oY gy #

0

C*(Yl|z)=0. (2.22)
Let us note that the equations of this type naturally appear in the study of so-called
twistorial world-like particle models (see e.g. [38, 39]) as the Fourier transformation of the
Dirac constraints on the respective phase space momenta.

It was conjectured in [5] that the charge (2.19) at M = 4 should reproduce the
Minkowski HS charge via an appropriate reduction of My to M*. This conjecture sounds
plausible because the two charges contain the same symmetry parameters and the Minkowski
stress tensor results from the restriction of the generalized stress tensor in My to the
Minkowski space. One of the goals of this paper is to establish the precise correspondence
between the My and Minkowski realizations of the conserved charges.

For the case of M = 2 the identification is a sort of trivial because M? = M, and
the local Cauchy bundles are the same, both being two-dimensional. (Note that since
3d conformal Minkowski charges are constructed from 3d massless scalar and spinor they
coincide with the 3d conformal HS currents found in [40].) For higher dimensions the precise
identification is less trivial. The problem is that the dimensions of local Cauchy bundles
are different in M? and Mj; for M > 2. The extra dimensions in EM compared to o¢~!
are responsible for spin and are associated with the corresponding compact spaces. It turns
out [2, 4, 13] that EM = R4=1 x §M=d+1 for M = 2,4,8,16 correspond to d = 3, 4, 6, 10.
In particular, the M = 4 spin space is S'.

3 Quantization and Siegel space

The coefficient 1 in front of the second term in the unfolded equations (1.3) was irrelevant
within an expansion in powers of Y used in [3]. Its absolute value can certainly be
normalized arbitrarily by a rescaling of Y4. However, its phase should respect reality
conditions. Surprisingly, it distinguishes between positive and negative frequencies, i.e.,
particles and antiparticles. We interpret this observation as an indication that the unfolded
dynamics encodes quantum physics.

%We use the convention where a number in parentheses next to an index denotes a number of symmetrized
indices. For instance, a(n) stands for n symmetrized indices o ... an

,10,



Indeed, general solution of the equations (1.1) and (1.2) is [4]

b(X) = bH(X) +b (X) (3.1)
= o [ (b © e {igats XAy 41 () e { — itatn X ) )
and
fa(X) = fa"(X) + fa™ (X) (3:2)
= [ asea(r @ exp figasa X7} + (O { — icacax 7))

Note that bF(\) = (=1)Mb% (=) and fF(A\) = (=1)M*+1f£(=)). In particular, for even
M, b*(€) and f*(€) are even and odd functions of &, respectively. The integration in (3.1)
and (3.2) is hence over RM /Z,. The point £, = 0 is invariant under the Z reflection
£, — —&, and therefore is a singular point of the orbifold RM /Zs.

Now we observe that the unfolded equations

0 0? 4
—t ih—— Y|X) = .
<8XAB ZhaYAaYB>C (¥1x) =0 (33)
distinguish between the positive- and negative-frequency solutions
1
CHY|X) = — / dMe (€ exp iz’(h EaépXAP 4 YB§B) : (3.4)
T2

that are complex conjugated to each other for real X and Y,

c(§)=c"(§), O Y[X)=CHY]X). (3.5)

Note also that, for even M, ¢ (£) contain b= (¢) and f*(¢) as even and odd parts, respec-
tively,

&) =) + (). (3.6)

As explained in more detail in [4], the manifest decomposition into positive- and
negative-frequency parts gives rise to the quantum fields with the creation and annihi-
lation operators ¢+ (€), that satisfy the commutation relations

[65(&1),¢5(&)] =0, [67(&1), 67 (&)] = 0(&1 — &) (3.7)

In this paper we will be mostly interested in the classical picture, however.
For the further analysis it is convenient to introduce complex coordinates

zAB — xAB | i XAB = Re 24P 4+ iIm 245, (3.8)

The real part Re Z48 of 248 is identified with the coordinates of the generalized space-

time X“8 that contain in particular Minkowski coordinates. The imaginary part X458 =

ZAB

Im is required to be positive definite and was treated in [4] as a regulator that makes
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the Gaussian integrals well-defined (i.e., physical quantities are obtained in the limit
XAB _ 0; note, that the complex coordinates Z4P introduced in [4] are related to Z47 as
ZAB — i?AB). The space of coordinates Z47 forms the upper Siegel half-space $,7 [21, 22].

B
Evidently, —Z € $ provided that Z45 € §); and vice versa.
The variables Y4 can also be complexified

YA —yA L ivA,

extending the Siegel space to Fock-Siegel space $p x CM.
The continuations of the functions C*(3.4) to the Fock-Siegel space Hy; x CM are

1 . .
cty|z) = o5 / dMe et (€) exp (i healp Z4P) expi(€aD?), (3.9)
T2
oS 1 _ . = e
C~(V|2) = — [ dMec (&) exp (— i hEa€pZ*P) exp —i(€aVP), (3.10)
T2
where ¢ (£) are some “Fourier coefficients”. Depending on a problem in question, they can
be chosen to belong to different functional classes.
The broadest framework is provided by distributions that grow not faster than expo-
nentially of order two and zero type at infinity, i.e., not faster than exp A|¢|?, VA > 0. In

this case, ¢ (£) belong to the space 51,/2 (RM) dual to the Gelfand-Shilov space S1/2 (RM) .3

It can be shown,* that C*(Y|Z) (3.9) and C‘(@E_) (3.10) are, respectively, analytic and
antianalytic in ). The (anti)analyticity of (C’ Y|2) > CH(Y|Z) in Z € )y follows from

the integral representations <(3.10)) (3.9).

As a subclass, one can require ¢ (€) to be infinitely differentiable functions, that grow
not faster than exponentially of order two and zero type at infinity. Then, for any Z € $y,
the functions ¢*(£) exp (z h£A£BZAB) and ¢~ (§) exp ( — ih£A§BZAB) belong to Sl/Q(RM)
with respect of £ and hence their Fourier images C*(Y|Z) (3.9) and C~ (Y| Z) (3.10) belong
to S/2(RM). Tt is worth to note that, as shown in [42, 43], the class SY/2(RM) plays a
distinguished role in the analysis of convergency of power series in the Moyal star-product
in noncommutative field theory. This is particularly interesting taking into account that
the interactions of HS fields (for more detail on the role of star-product in HS theories
see [3, 25, 26] and reviews [27-29] ) is governed by the Moyal star-product, which however
acts on the noncommutative spinor variables Y4 rather than on the space-time coordinates
as in noncommutative field theory.

3Recall that Say
such that the inequality

oy 18 defined in [41] as a space of infinitely differentiable functions ¢(z1,...,2am)

k1 kar 991t tam k1 kg kiag koo
Ty - Tpr W (x) S Cqu AJVI kl kl\/f holds for any

integer nonnegative k;, ¢; and some constants C; and A; that depend on ¢. The Fourier dual

AAAAA

space S M consists of infinitely differentiable functions (p1,...,pn) that satisfy the inequality
ph . phy W (p)‘ < CypBft .. B3 gt g3 M for any integer nonnegative k;, ¢; and some

constants Cj and B; that depend on 1. S1/2(RM) and SY/2(RM) are shorthand notations for
M

——
Si/2,...1/2 and 51/2"“’1/2,respectively.
—_————

M
4We are grateful to M.A. Soloviev for communicating to us this fact.
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Further restrictions may be imposed in the case where the fields have to be normalizable
with respect to one or another norm. This is needed to guarantee that the bilinear currents
are well-defined. As discussed in more detail in Subsection 4.3, the relevant classes of
functions ¢*(¢) include Sobolev spaces L4 (RM) and Schwartz space S(RM).

It is easy to see, that C*(Y|Z) and C _(§|§) are complex conjugated as a consequence
of (3.5),ie., CT(YV|2)=C"(Y|Z) and

0 ) 0?

<W - th> ct(yiz)=0, (3.11)
) 0? —=

(a_AB ) iha_Aa_B> ces o
zZ Y 0y

The equations (3.11) and (3.12) uplift the massless field equations for (negative)positive
frequencies to the Fock-Siegel space. The (anti)holomorphy properties of C* reconstruct
them in the Fock-Siegel space in terms of theirs boundary values C*(Y|X) at My x RM.
Remarkably, depending on the sign of the second term, the classical unfolded field equa-
tions (3.11) and (3.12) distinguish between positive and negative frequencies, the property
usually delegated to a quantization prescription. Let us note that this phenomenon also
takes place in Minkowski setup with (appropriately complexified) unfolded equations (2.22)
as well as in the related twistorial world-line particle models [38, 39]. In this case, the ana-
logues of the upper and lower Siegel spaces are the forward and backward tubes.

The fields C* can be unified into the field
CYV,VIZ2.2) =CT(V|2) +C(V|2), (3.13)

that, however, does not possesses definite (anti)holomorphy properties in ZAB,

4 Bilinear currents

4.1 Current equations

Let us introduce a conserved current which generalizes that of [5] in a way convenient for
the further analysis. The key fact is that a differential 2M-form

M
oM (g) = (dWA A (hWBdZAB - dyA)) g(W, Y|2) (4.1)
]\J(]VI-{»I) AB M M A
is closed in a domain in C (Z45) x R (Wp) x CY(Y*) provided that g(W, V|Z2)
is holomorphic in the variables ) and Z and satisfies the following current equations
0 + hWiq 0 W, Y|Z2)=0 (4.2)
HZAB A9y B) UAME =Y. :
Indeed, from (4.1) and (4.2) it follows that
0 0
AW d 24P AYA— | "M (g(W, Y |2)) =
(Wi + 0298 Do 4 a 20 ) A (o0, ¥ |2)

a AB A a 2M _
<dWAM _ <hWBdZ —dy )ay—A> A @M (g(W, Y|2)) =

,13,



because
W A (dWa A (hWpd 247 — dy4)) .

and
(hWDdZCD - dyC) A (dWA A (hWBdZAB . dyA)) Yo,

As a result, on solutions of (4.2), the charge

Q=Q0 = [ =" (1.3

is independent of local variations of a 2M-dimensional integration surface ¥**. In partic-
ular, for functions that decrease fast enough at space infinity, it is independent of the time
parameter in My, thus being conserved.

Since (4.2) is a first-order PDE system, the space of its regular solutions forms a
commutative algebra R, i.e., a linear combination of products of any regular solutions
of (4.2) is also a solution. The algebra R is formed by functions 1 of the form

n(W, Y|Z) =e(Wa, Y© —h 2 Wp) (4.4)

with arbitrary regular £(W,)). An extension of this property to the space of singular
solutions S is that & forms an R-module, i.e., although it may not be possible to multiply
singular solutions with themselves, they can by multiplied by regular ones.

To make contact with the currents (2.17) note, that eq. (4.1) gives rise to conserved
currents for g(W, Y |Z) of the form

gW, Y[Z) =n(W, YIZ2)f(W, V|Z), (4.5)

where n(W, YV |2) (4.4) is a polynomial solution of (4.2) identified with a HS symmetry
parameter and

FOV,9.12) = @n) M2 [ aMU exp (-1 WeUC) TV, Y |2) (4.6)
RM

is a solution built of massless fields via the generalized stress tensor
T(U,Y|2)=CH (Y -Ul2)C™(U+Y|2), (4.7)

where CT(Y|Z) satisfies (3.11) while C~(Y|Z) satisfies (3.12). (For more accurate defi-
nition that respects necessary analyticity properties see Subsection 4.2. The appropriate
classes of functions C*(Y|Z) and C~(Y|Z) will be specified in Subsection 4.3. ) The
inverse transform is

T(U, YV I|2) :(27r)_M/2/dMW exp (i WeUS) f(W, V|2). (4.8)

RM
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The equations (4.2) for f(W, Y |Z) translate to the following equations for the stress tensor

A
0zAB ~ " 9yt guB)
ie, f(W,Y|Z) satisfies (4.2) provided that T(U, Y | Z) satisfies (4.9) and vice versa. One
can make sure, that the bilinear tensor (4.7) satisfies (4.9) by virtue of (3.11), (3.12).
Note that, up to a factor of ik, the equations (4.9) at real X = Re Z, Y = Re)

{ 0 49 9 }T(U,Y]X):O, (4.10)

}T(U, y|2) =0, (4.9)

0XAB oy (A guPB)

coincide with the rank—2 unfolded equations of [10]. In particular, (4.10) implies
ok ok ok ok

<6UA6UB<9XCD T UCOUPOXAE QUCOUBOXAD  gUAGUDOXCB

)T(U,Y|X):0,
(4.11)

which equation was used in [5] to prove that the form (2.17) is closed.

4.2 Siegel strip and bilinear currents

To define the integration around singularities in section 5 via a deformation of the integra-
tion surface over X458 in My to the complex space, we now introduce a generalized stress
tensor that depends on positive- and negative-frequency solutions C*(Y|Z) and C~(Y|Z2)
of the unfolded equations (3.11) and (3.12), respectively, and possesses proper holomorphy
properties in 65\7)(2) x CM(Y), where a domain 65\7) C 9 will be specified below. In
the rest of this section we set h = 1.

For a positive definite symmetric matrix H4? we introduce Siegel H-strip 65\7) CHm
as follows :

z4B el { (H —Im Z)45 s positive definite

ZAB

Im is positive definite

which is a generalization of a strip 0 < Imz < H in C to the Siegel space ;.

(1)

Since C~(Y|Z) is anti-holomorphic in &};’ x CM | one can see that

Co(V|2) = C~ (V|2 — iH) (4.12)

is holomorphic in 65\7;) x CM .| Note, that H is a parameter of Cy, and

%{imOC?;(Y|X) =C (Y|X) V XeMy, YeRM

It is easy to see that a generalized stress tensor
U, Y|Z2) = CH (Y -U|Z)Cr (Y +U|Z) (4.13)

solves (4.9) and is holomorphic in 65\7) x C?M_ Up to a linear change of variables, its
restriction to the real subspace in the limit H — 0 gives the generalized stress tensor of [5].
To reproduce the charge (2.19) we proceed as follows. Let the integration surface be

M = o (X) x RM(W :
H op (X) x ( ){y:yo}

,15,



M

where o3, (X) is any M —dimensional surface that belongs to the real subspace of S

M
defined by the equation {Im Z = vH}, where 0 < v < 1is a free parameter. ~ Substituting

the 2M-form w?M(g) (4.1) with the function g (4.5) into (4.3), we obtain
Oy ~ / (AWa A Wrd XABYM (W, 201X +irH) f(W, Yol X +ivH),  (4.14)
E%}VI

whence, using the Fourier transform (4.6), we get in the limit H — 0

Qo ~ / (W4 AW paxAB)" /dM Uexp (—iWcU) n(W, Yo| X)To (U, Yo| X) (4.15)
E(Q)IVI RM
~ [ € dXMBIN A dx A By —z’iyyx 0 0 T(U, Yo| X)
AvAn T Trour O JouB auBat O
ol

For the parameter 7 of the form (4.4) with polynomial € and )Yy = 0 this gives (2.19).
Alternatively, one can integrate over d™) at fixed Z. For example let 2™ = R2M .
{Z = Xy, Y=Y} for some real Xy. We have in the limit H — 0

Qo ~/ (dWa A dYA)M/dMUeXp (=iWcU%) e (W, YC = Xo“BW5) To(U, Y| Xo)

R2M RM
o 0

N/EAI...AMdYAl A NAY e (—i— YO +iX PP — TO(U,Y\XO)‘ . (4.16)
ou ou =

RM

For C* and C~ of the form (3.9) and (3.10), respectively, we have
TO(Ua Y | XO) =
/dM§ dM Xt (€)e (V) expz'<Xg‘B(§A§B —AAAB) £ YA®EA — Aa) — UC(Ae + §C)>.

So we obtain from (4.16)

Qo ~ [ e At (© (V2 <—A - (a% - (%)) 5V (€ - ) (4.17)
~[ave (s (—25, §%>c+<£ Fu)e (e - u>) R LA GE (—25, 5%) o (©).

As expected, the result is independent of Xy. Up to a rescaling of arguments it reproduces
the alternative expression for the charge obtained in [5].

The important improvement of the form of the current (4.3) compared to (2.17) is that
it allows us to introduce singularities (fluxes) in the spinning variables W,, W/, Y ,ya’ ,
zaB z'8 that can bring in a proper singularity into the charge (4.16) which, as we show
in section 5, is needed to reproduce HS currents of [20] in Minkowski space-time.

Finally, let us note that the generalized stress tensor can also be constructed from
arbitrary frequency fields as follows. Let fields C;()|Z) of frequencies n; = +1 satisfy
the equations

9 : 0?
<—azAB + e W) Ci(Y|2) =0. (4.18)
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Then the generalized stress tensor
TUYIZ) = ¢ (0;0 ~)IZ) (B +INIZ)  ((0))* =5, (B)? =~ )

satisfies (4.9). Note however that the charge (4.3) built of regular parameters (4.4) and
fields of equal frequencies, that are holomorphic in the same Fock-Siegel space, vanishes
because an integration surface can be deformed to the respective infinity in the imaginary
coordinates Z4P where the fields C;()|2) vanish. For the fields of opposite frequencies
such a deformation is not possible, that results in a non-vanishing charge (may be, after
an appropriate H—shift).

4.3 Appropriate classes of solutions

The formula (4.17) for the charge was obtained under assumption that the integrals under
consideration are well-defined. The following four options are most significant

€ S12(RM) and ¢¥(¢) € S{/Q(RM) .

The cases (i)-(iii) are appropriate,® respectively, for the cases of £ = 1 (electric charge),
degree ¢ polynomial € a% and generic polynomial (—2§ , %(%). The case (iv) is appro-
priate to pair a generalized function with a test one. This is relevant to the analysis of
the composition formulae for D-functions in Subsection 6.4. As mentioned in section 3, in
all these cases CT(Y|Z) (3.9) is analytic and C~()|Z) (3.10) is anti-analytic in J and Z
provided that Z € 65\?) (2).

Then the generalized bilinear stress tensor (4.13) is

(U, Y|2) = CH(Y-U|Z) 0~ (Y+U|Z — iH) (4.19)
- / dMxaMect (€)em (V) expi<h§A§BZAB— BAaAp(ZAB—iHAD)
%A(YA—UA)—AB(UBWB)).
Its Fourier transform (4.6) is

e () a2

Fr(W, Y|2) / c+(
< expi( = MWaxpZ4P4+ ho(W +204(W +)sH +xar ).

Note, that for all cases (i)-(iv)
WX\ (WX
(=W W 2M
(=52 ) (w5 € i @), (4.21)

Recall that LZ(R™) is the Sobolev space, and S(RM) is the Schwartz space of infinity dlfferentlable
functions f(§) that decrease at infinity with all their derivatives faster than any multi-degree of T g -
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As a result, since Z € 65‘?)(2), (W, Y |Z) (4.20) is integrable over RM (W) V(Z,Y) €
65\7)(2) x RM . Moreover, the exponential factor with Z € 65\7)(2) guarantees that
(W, Y |Z) is analytic in Y and Z.

As an illustrative example, let us consider functions of the form

(&) = PE(€) exp(—EFAP¢ 4¢5) (4.22)

with some polynomial P*(¢) and positive definite symmetric E*¥4P, that allows explicit
analysis. Evidently, the integrals (4.17) converge absolutely for any polynomial parameter
€. Evaluating the Gaussian integral, we have

FrW,Y|2) = (2m)~M/2 / MU exp (—iWeU©) (4.23)
Pt <z‘%) det "2(—iZ + ET) exp ( - i(— 2+ BY) " up(UA - yA)(UB—yB))

0 1 1
P <2%) det =2 (H+iZ+E")exp ( - J(Mriz s E*)*lAB(UAerA)(UBerB)) :

The real parts Re(H+iZ+ E~) and Re(—iZ+ E™) are positive definite provided that Z be-
longs to the Siegel H— strip. Since from F € §) follows F~! € Hy; (see e.g. [22]), Re ((H+
iZ+E7)") and Re ((—iZ + ET)™!) are also positive definite. Hence f (W, Y |Z) (4.23)
is holomorphic in its arguments for Z € 65\7). Note that the "additional” analyticity of
fxOWV, YV |Z) in W takes place for any ¢t () € Si;;(RM), which is the case for (4.22).

5 From M, to Minkowski space

5.1 Idea of construction

In [5], it was conjectured that the charge (2.19) should reproduce the HS charges (2.20)
in Minkowski space M* [20] by an appropriate reduction to M* C My. Since the charge
in My contains four integrations versus three in the Minkowski space, the naive reduction
with the fourth integration over a cyclic spin variable in My gives zero because the cycle is
contractible. To make the cycle noncontractible, a singularity (flux) should be introduced
in the spinning space. As we demonstrate now, this can be done using the generalized
current (4.1), which result was hard to achieve starting from the original expression (2.17).

As explained in section 2, the embedding of the 4d Minkowski space-time into My is
conveniently described in the language of two-component complex spinors. In these terms,
WA = (W, W) and U4 = (U*,U®). Tt should be stressed that the complex structures
of the Siegel space and of two-component spinors are different. Correspondingly, since both
the real and imaginary parts of the complex variables Z4% are real symmetric matrices, in
terms of two-component complex spinors we have

ZAB — (gof zoo! zoBy = (xP 4 X0 x4 ixed X 4 X

with
Xob = X0 xaf = xPe'  XaB = X¥F  XaF = XP
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Note that Re Z2*? = Re X% — Im X, Im 2% = Im X% + Re X3, etc. Analogously we
introduce Y4 = (ye, ya’).

Let us choose the integration surface X8 in the form
»8 = 3(29) x o1 (2%, 297 Y — W) x o (W), (5.1)

where 03(Zaﬁ/) is a three-dimensional surface in the complexified Minkowski space €M%,
ol(2%8, 2P V) is a one-dimensional cycle in the ”spinning” subspace, o*(W) C RY(W)
is a four-dimensional surface and ) is a free parameter.

An elementary calculation then shows that the pullback of the differential form (4.1)
to the integration surface X8 (5.1) gives

@M (g)| g5 ~ dZ oA dZOFNAZPT N AW, V| 2) N W g(W, V| 2)Ws W o (02)
where
AW, V|Z2) = WW, ZH — W, W, ZHV _ W, Y+ W, YH (5.3)

The key observation is that for any )y the function A(W,Y — )y | Z) solves (4.2) and is
independent of Z*#". This allows us to use A to introduce a singularity in a way independent
of the complexified Minkowski coordinates 27"

To obtain Minkowski charge we set
g (W, Y|2) = A"H (W, Y|2) g(W, ¥ |2). (5-4)

Since the functions A(W, Y |Z) and g(W, Y |Z) solve the equations (4.2) , the same is true
for gA(W, YV |Z) (5.4) away from singularities. From (5.2) we have

/ ! dA
/WQM(QA) ~ /dzw ANdAZY N dZPT A e Nd*W g(W, V|Z2)WsWs . (5.5)
»8

8

d
The idea is to choose one-dimensional cycle such that N id¢, where ¢ € [0,27) to be

a real coordinate on o!. This can be done as follows

o' (2°0, 277, y) = (5.6)
{290 = pS*Pexp(ig), 277 = pS™ P exp(ip), Y™ =pS@exp(ig), V' = pS™ exp(ig)},

where p > 0 is a real parameter and at least some of parameters S°, So'B g and P
are non-zero.
For this choice we obtain

AW, Y12)], = pexplig) P(W), (5.7)
where

P(W) = WaW 5% — WaoWgs* —WoS* + Was . (5.8)
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Hence % =1id¢, and a residue is at p =0 for P(W) # 0.

The subtlety that the integrand of the right side of (5.5) is not defined at P(W) = 0
does not affect the result for any g(W, )V |Z) integrable over R*(W) because P(W) cancels
out in (5.5) and the variety P : P(W) = 0 has measure zero. As a result, we obtain

Q@ [ w(ga) =2in[ @27 ATW oW, 3012 )W Wy (5.9)
28

o3 xR4

where d*Z%°" = dZ . NdZP N dZPY
For

gW, Y12) = n(W, YV[2)f(W, V|Z), (5.10)

where n(W, Y |Z) is a polynomial solution (4.4) of (4.2) while f(W, Y |Z) is the Fourier
transform (4.6) of the generalized stress tensor T'(U, YV |Z) we have

Q~ / d® 209" NdW (W, Vol 2°9°) F (W, V0| 2) W W

o3 xR4

;o ) "
3

o

which is just the anticipated expression for conserved charge in Minkowski space.

To give precise meaning to this construction it remains to identify 03(20‘5/) c S,
to choose appropriate Siegel strip H, replacing the generalized stress tensor T'(U, Y |Z) by
Ty(U, Y|Z) (4.13) bilinear in the massless fields C*. This is done in the next Subsection.

5.2 Integration cycle

Let a positive definite matrix H € M, be chosen in such a way that H*? = H*'F" = 0.
Let 0% = a%(ZO‘BI) be a real three-dimensional surface in a real subspace of ©M* defined
by the condition Im Z*% = yH*® | where 0 < v < 1 is a free parameter. Note, that with
this choice, both Im Z%%" and H*?" — Im 27" are positive definite for V2% 05’{.

Let o'(2%%, 2P| )) be chosen in the form (5.6) such that both

NAE = (T (pS*? exp(ie) , vH, Tm (pS5°"" exp(i0) )

and

HAB _ N’AB

are positive definite, which is true for sufficiently small p because this is the case for p = 0.

For this choice we obtain that o3, x o' C 65\7) x CHY).

Now let T = Ty (U, Y|Z) be the stress tensor (4.13) built of the massless fields C*
with the help of a positive definite regulator matrix H. Let fx (W, Y |Z) in (5.10) be
the Fourier transform (4.6) of T = Ty(U, Y |Z). If C* are of the form (3.9), (3.10) with
functions ¢* from one of the classes (i)-(iv) of Subsection 4.3, then the pullback of the
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function g(W, Y |Z) (5.10) to the integration surface 3® (5.1) is integrable over R*(W) and
the considerations of the previous subsection are true. Therefore (5.11) acquires the form

/ 82 . a ao’
Q = Qp ~ /d3 XPB STFITF (77 (ZW’ W2 >TH(U7370\Z)> =0

IH

In the limit H — 0, this gives for n (4.4)

;02 0 5,
~ 3 v 6 . - yvAB
Qo /d X o (a( isre Yot iX aUB)TO(U, yO\X)> ‘U:O. (5.12)

90
Recall that according to (4.13)
To(U, Y| X)=CH(Y-UIX)C~ (Y +U|X).

Up to a rescaling of variables, for )}y = 0 this gives the conserved charge in Minkowski
space of [20] for polynomial (W, )).

Let us stress that @ (5.12) is )p independent, i.e., &Q = 0, because the variation
over yOA is equivalent to a local variation of the integration cycle away from singularities.
For € = const and T of the form (4.13) this gives the following identity

;& )
_ [ xo8 (y_ 9 o
0 _/d X s (C (V-UIX) g5z 0 (V+UIX) (5.13)
B o .
FOTHUIX) g0 0 -UIX) ) |

which will be used in the further analysis.

6 Integral evolution formulae

6.1 D-functions

D—functions of the massless field equations (1.1) and (1.2) in M, were introduced in [4] as

M
their singular solutions resulting from the integral representation (3.4) with ¢* = Fir~ 2
(in this section we set h = 1),

DH(2) =—— [ dY¢ expi(E4EpZAP), (6.1)

and
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By construction, the functions D‘(E), DY (Z) and D(Z,E) solve the equations of
motion (1.1). For Z in the upper Siegel half-space H;, (6.1) gives
DHZ) = —in 25!, (6.3)
where

5% = det(—iZ2) (6.4)

defines a multidimensional hyperelliptic surface and s is chosen to be holomorphic for
Z = X+iX € 9y (ie., positive definite X4B) and to be positive real for purely imaginary
Z,ie, X =0. As shown in [4]

i imlx 1

x-0 A2 OPTa ldet(x)) ‘x—>0’

DH(2)

where Iy is the inertia index of the matrix X% ie., Iy =n, —n_, where n, and n_
are, respectively, the numbers of positive and negative eigenvalues of X45,
From (6.2) and (6.3) it follows that

— M 1

D (Z)=ir 25§ °,

where 5 is complex conjugated to s (6.4). B
The dependence of the D—functions on ), ) is reconstructed via the unfolded equa-
tions (3.11) and (3.12), respectively. In particular,

DH(Y|Z) = 77__1‘3 /dM§ expi(£46p 2P + V1¢Ey), (6.5)

leading to

DHY|Z) = WMZ/Z 57! exp (-izAByAyB> . Zap2BC¢ =49, (6.6)

Notice that D*(Y|Z) (6.6) behaves as —2MisM (V) at Z — 0.

6.2 Evolution formula in M,

The obtained results allow us to give precise meaning to the integral formula (1.7) in My by
defining the integration measure as corresponding to the electric charge case in Minkowski
space. This guarantees that the restriction of so defined integral representation to the
Minkowski space correctly reproduces the dynamics of massless fields.

Namely, we apply formula (5.12) with the generalized stress tensor (4.13) at H — 0,
where C~(Y'|X) is the restriction of C~(Y|Z) to the real subspace while C* (Y |Z) is
replaced by DY (Y — V|2 — Z) with Y and Z interpreted as parameters. (Recall that if
Z1,29 € O then Z1 — Z9 € H)y as well, including the case, where either Z; or 2 is real,
belonging to the boundary of $,,.) Let the resulting conserved charge (5.12) with ¢ = %,

which is a function of ) and Z, be denoted as 5*(5 ]E) We obtain

~ 1 0 5 P
cC-012) =3 /d3X’ Y mrm (DY (Yo —U = VIX' = 2)C~ (% +UIX))| . (6.7)

o3
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where Yj is a free parameter, o> C My(X) is an Euclidean three-dimensional subspace

R3 of Minkowski space,
o} (X) = {Top X =10}, (6.8)

where a positive-definite matrix 7,4 describes the time arrow, the time evolution parameter
ist= % ' X aB" and tg is its value associated with the chosen space surface. For example,
for Top = Oap, X0 =159 + xiafﬁ /, where a?ﬁ " are Pauli matrices.

The key observation is that from (6.7) it follows by virtue of (5.13) that all derivatives
of C~(Y|Z) with respect to ) are related to those of C~(Y|X") with respect to Y just in
the same way as C~(V|Z) and C~(Y|X’) in (6.7), i.e.,

0 0 ~_——=

—...—C (V|2) = (6.9)
33;,41 ayAm

L 0 +iv 17wy = 9 9 - /

2/d X i (DT = U =YX = 2) e O (Y + UIX ))‘U:

o3

Let us now show that from (6.7) it follows that

6—(0|2)(2603 =c012)],_,. (6.10)
=3z T

Using that d3X7 , » We obtain from (6.7)

lea lea

c(0|2) :%/d%' (c—(0|X')D+(0|X'—§)—C—(0|X')D+(0|X'—§)), (6.11)

o3

where we have taken into account that the functions DT and O~ satisfy the unfolded
equations (3.11) and (3.12), respectively, together with the facts that

0

—~_DH-U|X -2 =
ouA (=0l ) v=o 0
as a consequence of (6.6) and
:raa’iciwm = +iC*T(U|X) CHUIX) = 2cﬂE(U|X) (6.12)
ou«gU ' ot ' '

To prove (6.10), it is convenient to use the complex notation for the space coordi-

nates =/ [4]

x:xl—i—ixQ, a‘::xl—ixQ,
such that dz1 A dzo A dxs = zlidacg ANdx N\dT .
The combinations of &, dual to the coordinates x3, =, 7 [4]
ks =& — &by,  k=20&, k=26 (6.13)

map R* /Zy on R3, ie. ks, k and k can take arbitrary values. The leftover ambiguity in
the integration variables &, for a given k; is the overall phase factor &, — exp %z’gp &as
¢ € [0,2m). (Recall that &, is identified with —&,.) We set

§1&o

expip = 27 , exp —i¢p = 2

§i&s
=2 (6.14)
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The integration measures are related as follows [4]
dkg A dk A\ dk N dp = —8i(&1&; + &285)dEr A dEj N déax N dEs . (6.15)

The map (6.13), (6.14) from R*/Z5 associated with the variables &, to R? x S described by
the variables k;, ¢ is non-degenerate except for the expected singularity at £, = 0. Note that

6 + Gl = \JkR+ K = K+ k. (6.16)

For any C'* (3.9) and C~ (3.10) we have using formulae (6.13)—(6.16)

1 _

CH(0|t, ) = —2/d4§ ¢ (&) exp +i(thy + 23ks + xk + Tk) (6.17)
7r

N+ 1 4 . + . 3 7 _

C=(0lt, x) = = d*¢ (£iko) (&) exp Li(tho + x°ks + xk + zk) . (6.18)

Using (6.17) and (6.18), we obtain from (6.11)

C=(0lto, ) = — [ da's Ada’ A da’ /dp3AdpAdpAdwkgAddeAdqa

476

o3
1 (1 1 . _ -
o _o+/<7_o> ¢ (p, ) exp —i <topo + x'?’pg—i-m'p—i-x’p)

expi ((x'g—x?’) ks + (w'—x) k+ (i’—i)k)
1 .
= = [dpsndpndp A i () expi(—tom 5%y — zp— ap)

8po
= 07(0|t0, CC) .

Analogously, from (6.9) it follows that

C arn, (0] z)(z@g = 4yn, (0] Z)‘Z@S : (6.19)
where 07(5 |§)A1...Am = _(9 _(9 c~ (§|§) This is equivalent to
33;,41 (i)yAm
C_( |Z)‘ZEU3 :C_( |Z)‘Z’Ea3

Because the dependence on 5 fully reconstructs the dependence on z by virtue of the
unfolded equation (3.12) from here it follows that

cCTYZ)=Cc"(Y|2), (6.20)

that proves the evolution formula

1 , B3 0? Vv =z\— /
C_(y]Z):i/d?’X BﬁW(DJF(YO—U—y]X ~2) 0 (Yo + U|X ))( . (6.21)

(e
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Analogously one can see that

82

1 ,
O 12) = 5[ O

o3

<D—(Y0 YU -YIX —2)CH(Yy - U|X' )) ‘U:o' (6.22)

Note, that from here the usual formulae for spin 0 and spin 1/2 fields follow

C02) = iy /d%/ (€ OIX"YD* (01X’ — 2) — &~ (0)x")D* (01X ~ 2)).

C(0]Z) = / &/ T O (01X YD, (01X — 2),

o3

where DIB,(MZ) = %#D*(MZ), etc.

6.3 Evolution formula in the Fock space

Now let us show that the same result can be obtained for any M from (4.16) at ¢ = 0 4

by the integration over the )’ variables as
C-(Y|12) = @ / dMy' Dty -2 - 20V |2) (6.23)
y'=y’
with any Z’. Indeed, substituting
c-(y|2) = / dMe ¢ (€) exp —i(EaV? + Eap2AP)
into (6.23) and using the expression (6.5) for DT, we obtain
7: J— J—
My’ DY -2 - 2)Cc (V|2
5 | (v =32 - Z)C (V|2
1
= dMY'aMeaM \ e~
o [ 4 e e (g)
exp—i(Aa(Y = V')A + Aadp(Z — 248 + 4V 4 485 2'1P)
= [@e @il +eaenZP) = ¢ (12)
6.4 Composition properties of the D-functions
Let us consider
CHZY) =D (2lY) and C(ZY) =D (Z-ZY-V)  (624)

where Z' € ) and )’ € CM are free parameters. One can see, that
C(29) = [a"ee (€ exp—i (a€aZP+3164)

c (§) = WLMGXPZ' (Ea8pZ' B+ Y4 ,)
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and
—1

C*(2W) = [ec O ewiteatsz + V), O = S

Since ¢~ (§) € Sy/5 and ¢ (&) € S’y 5 for any 2’ € Hyps, we can pair C* and C~ (6.24) in
the evolution formula (6.22) to obtain

D-(V|2) = 1/d3X’B5l6872(D+(—U—§\X’ —E)D*(ny')ﬂ . (6.25)

Analogously from (6.21) it follows that

32

1 ,
D+(y \Z) _ 3 /d?’X' BB ST

3

(D—(U VX' - 2) D+(—U]X’)>‘ . (6.26)

(e

These formulae express the composition properties of the D-functions.

6.5 Solutions associated with the D-functions

Finally let us note that one can use the formula (6.6) to generate new solutions of the HS
equations as follows. Since Dt ()| Z) solves the HS field equations for any Y,

1

i
- -z A A B B
1o (i2) eXp< AV +uVH(Y® +uV )),

4

where V4 is any constant vector and u is a constant parameter, also does. Integrating this
expression at Y = 0 with respect to u with some weight p(u), we arrive at the following
set of solutions of the equation (1.1)

C(0|12) = f(VAVBZAB> det ~2(i2), (6.27)
where f is an arbitrary double differentiable function. Omne can check directly that

C(0|X) (6.27) solves (1.1).

7 Higher rank conserved currents

In [10], we have introduced higher rank fields in Mj;. Positive- and negative-frequency
rank r fields satisfy the unfolded equations of the form

0 0?

{ oXAB * T Gy By A }Ci(y ) =0, (7.1)

where k,l = 1...r and ny; is a positive definite symmetric form. In [10] it was also argued
that rank r fields in M s can be interpreted as resulting from the reduction of rank 1 fields
in M, to M), diagonally embedded into M, via

,26,



A particular realization of higher rank fields is provided by products of lower rank fields.
For example, a product of two rank 1 fields

C(Y1,Ya |X) = C(1|X)C(Ya|X)

gives a rank 2 field.

Analogously, we introduce a higher rank generalization of the current equation (4.2)

) )
{—aXAB + Wk(AW} gW, Y |X) =0, (7.3)

where g(W, Y |X) takes values in My; x R™™ x R™M with coordinates XA4B, W;4,Y;4,
A B=1,...M,j=1,...r. Again, particular solutions of the higher rank current equation
are provided by the products of lower rank currents. The higher rank current equation
allows us to derive multilinear conserved currents. Indeed one can easily see that the 2rM
differential form

e <g(W, Y |X)) - (deA A (WdeXAB - dYﬁ))ng(W, YIX)  (74)

is closed provided that g(W, Y |X) satisfies (7.3). As a result, on solutions of (7.3)
the charge

Q = /E @l (75)

is independent of local variations of a 2rM-dimensional surface ¥ ™. In particular, it is
time-independent hence providing a conserved charge.

The formula (7.4) gives rise to conserved currents for g(W, Y |X) of the form (4.5)
where the “symmetry parameter” n(W, Y |X) is of the form

n(W, Y |X) =e(Wja, 3¢ — XBW;p) (7.6)

and f(W, Y |X) is a solution of (7.3) related to a multilinear “stress tensor” T'(U, Y | X) via
the Fourier transform

fW, Y |X) = (27T)TM/2/dTMU exp (=i W;cU'Y) T(U, Y |X), (7.7)

TU, Y |X) = (27T)TM/2/drMW exp (i WicUIC) f(W, Y |X). (7.8)

The equations (7.3) are equivalent to the following equations for 7'

0 G G
{8XAB “igva aU],B)}T(U, Y|X) =0, (7.9)

ie., f(W,Y |X) satisfies (7.3) provided that T'(U, Y | X) satisfies (7.9) and vice versa.
A 2r—multilinear “stress tensor” T'(U, Y |X) can be constructed analogously to the
bilinear one [5] as follows

T, Y |X) =[] C*5(Y; - Uj|X) C5(U; + Y1), (7.10)
j=1
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where C*1(Y]X), ..., CF.(Y|X) are solutions of positive- or negative-frequency rank 1
equations.

The higher rank form (7.4) can be interpreted as the pullback of the standard form (4.1)
in M, to the diagonal subspace My; C M,y (7.2). The multilinear stress tensor (7.10)
is nothing but the bilinear stress tensor (2.18) on the rank one solutions in M., that re-
sult from rank r solutions in M s provided by the r-linear products of the rank 1 solutions
in M.

The formula (7.10) gives rise to multilinear currents built of free massless fields.
Naively, the higher conserved currents constructed from this stress tensor amount to al-
gebraic functions of the bilinear currents. This is indeed true if the integration measure
factorizes into a product of lower-rank measures, that concerns both the integration surface
and the parameter function n(W,Y|X) (7.6), but may not be true e.g. for nonpolynomial
n(W,Y|X) that contains a singular dependence analogous to (5.4) in the case of Minkowski
bilinear current. Note that the resulting nontrivial currents should be nonlocal from the
perspective of usual Minkowski space-time because the charge (7.5) contains 2rM integra-
tions instead of 2M in the rank 1 case. Specific examples of higher-rank currents will be
considered elsewhere.

Note that, analogously to the consideration of sections 3 and 4, all higher rank
constructions can be complexified. Namely, one can consider holomorphic continuation
C(VA|2BC) of the fields C(YA|XPC), that take values in H)/(Z) x C™M ().

Finally let us note that the higher rank system (7.1) is invariant under the group
O(r) x R that acts as follows

A - )NJZA = exp(¢) Tl-jy]A , ZAB _ ZAB — oxp(2¢) 248

where ¢ € R and T}/ € O(r) leaves invariant the metric tensor n;k. This symmetry can be
used for the derivation of identities between solutions of the equations (7.1) using the fact
that if two functions C1(Y|2Z) and Cy(Y|Z) satisfy (7.1) and coincide at some Z = Zj,
C1(Y|2p) = C2(Y|2p), then they coincide for any Z.

For example, the following identities hold for the D*-functions

DE*O|Z)... DYV Z) = exp (rM @) DY |2) ... DF(Y,|2). (7.11)
In particular, for the rank 2 case we obtain
oM DE(QU|122)D* (2)22) = DEU + Y|2)DE(U - Y|2). (7.12)

Identities (7.11) are continuous analogues of the well-known generalized Riemann identities
of theta functions.

8 Riemann theta functions as solutions of higher-spin equations

8.1 Theta functions in the Fock-Siegel space

A somewhat surprising property of the massless field equations formulated in the Fock-
Siegel space $37 x CM is that Riemann theta functions form their natural solutions. Indeed,
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a general positive-frequency solution (3.9) periodic under Y4 — Y4 + n4, n4 € ZM has
the form
CTVZ)= > ¢hexpi(h2?P(2mna)(2mnp) + 27neYC) . (8.1)
nAezZM
With ¢f =1 and h = %7‘(’71 this formula gives the standard expression for the Riemann
theta function [22]

0y, 2) = Z expim(Z48nnp + 2n4P4) . (8.2)

nAezM

Here the complexified space-time coordinates Z47 identify with the complex period matrix
that defines quasi-periods of 6(), 2),

0V +mZ, Z) = exp (—inZ8mamp — 2irma YN 0V, 2),  maeZM.
Also let us note that theta function is Z periodic in the sense
0,2+ Zint) =00, 2),

where Z{I‘f” is any real symmetric matrix with integer elements and even diagonal elements.

The fundamental reason why theta functions solve the HS field equations is that both
HS theory [1, 3] and the theory of theta functions [22] are based on the Sp(2M) symmetry
and its Weyl-Heisenberg extension which, on the HS gauge theory side, is just the HS
symmetry. For example, as mentioned in Introduction, for the case of M = 2 the sp(4) ~
0(3,2) identifies with the conformal symmetry of massless scalar and spinor in three space-
time dimensions. In the case of M = 4, the appearance of the sp(8) symmetry, that
acts on the infinite sets of all bosonic and all fermionic massless fields, is a less trivial
fact observed originally in [1]. The equation (1.3), which is the simplest sp(8) invariant
unfolded equation, was shown in [3] to describe properly massless fields of all spins in four
dimensions (a closely related argument was also given in [2]). On the other hand, it is
well-known that theta functions form a I'y o-module, where I'; 5 is the Igusa subgroup of
Sp(2M|7) [22].

Thus, the fact that theta functions satisfy the same equations as HS fields is not
too mysterious once Sp(2M) appeared in the HS theory. Moreover, from the HS theory
perspective, the I'y o symmetry in the theory of theta functions is the leftover symmetry
of the continuous HS symmetry that leaves invariant a particular solution of the HS field
equations provided by the theta function up to a phase. This class of solutions may indeed
play a distinguished role in the HS theory because conserved currents constructed from
such solutions, turn out to be invariant under I'; .

The roles of the variables 248 and Y4 in the HS theory and the theory of theta

ZAB are space-time variables while

functions is to some extent opposite. In the HS theory,
the twistor variables Y4 play an auxiliary role at least in the conventional field-theoretical
picture. The indices A = 1,2... M for M = 2F are interpreted as spinorial on the HS
theory side. In the theory of theta functions, M identifies with genus g, the period matrix

ZAB (usually denoted QA48 [22]) plays a role of a parameter, while the dependence on Y4
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(usually denoted z4) is of most interest. Note however, that in the nonlinear HS theory
it was realized since nineties (see [27] and references therein) that the fundamental HS
dynamics is encoded in terms of the twistor variables Y4, while the role of Z48 is to
visualize the HS dynamics in terms of local events [4].

Many of the well-known properties of theta functions acquire a nice interpretation in
terms of the HS symmetry (2.9) of the fundamental unfolded equation (3.11) which is a
multidimensional analogue of the Schrodinger equation. For example, theta functions with

characteristics b4 € RM a4 € RM

exp (iﬂ'ZABaAaB + 2ima VA + 2i7TaAbA) Y+ Za+b, 2)
= Z exp (mZAB(nA +aa)(np +ap) + 2in(ng + ax) (Y + bA))

nA c7zM

0[3], 2)

that also solve (3.11), result from the action of the HS symmetry (2.9) with j4 = 2imay,
hB =P and p = ﬁ on the theta function.

Consider the set of theta functions with equal characteristics a® = by = 0 or %,
VA=1,2... M,

021V, 2)= > expim(Z*8(na+ aa)(np +ap) +2(na + ax) (Y +at)),  (8.3)

nA c7M

which consists of 2/ independent functions. It is easy to see that

0[2)(—, 2) = (—1)Z4= 24 g[4 (Y, 2),

i.e., 2M—1 functions with an odd number of a4 = % are odd in Y4 and 2M-1 functions

1
2
between spin and statistics, the odd functions describe half-integer spin massless fields while

with an even number of a4 = % are even in V4. In accordance with the normal relationship
the even functions describe integer spin massless fields (in the former case the solution has
to be multiplied by a Grassmann odd element). In particular, the theta function (8.2) is a
member of this set with a4 = 0, i.e., it is bosonic.

The class of solutions CT(Y|Z) (8.1) of the unfolded HS field equations in My, is
special in the sense that C(Y'|0) is not a regular function of Y as is usually assumed in the
unfolded HS analysis, but becomes a distribution at real Z.

Indeed, one can see that

0[] (v, 0) = Z (—1)SHor20an GM (A 4 g4 A)

nAezM

This formula means in particular, that 0[2] (Y, Z) develops a singularity at Z — 0.
As such, it is analogous to the D-function of the massless field equations. In fact, it is the
D-function of HS field equations for solutions with appropriate (anti)periodicity conditions
in ). In the limit in which the period of ) variables tends to infinity, i.e., the Fourier
series in (8.2) is replaced by the Fourier integral, #(), Z) becomes the D-function as it is
obvious from (6.5). The counterpart of the evaluation formula (6.23) for periodic in Re Y
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function C‘(§|§), conjugated to C*(Y|Z) (8.1) is

c~(V|2) = / dMY' oY - y|2' — Z2)0~ (Y| 2)) (8.4)

[Ol)JVI

with any Z’. (The direct proof is analogous to that of Subsection 6.3.) The evolution

formula for C* (Y, Z) is obtained with the help of (), Z) = 0(), Z).
Also, let us note that the generalized Riemann identities for theta functions [22] are dis-
crete analogues of the identity (7.11) for D. For example, the generalized Riemann identity

> 061y, 22)0[8](2U, 22) =0V + U, 2)0(U - Y, 2)

2a4€(Z/22)M

can be derived along the same lines as (7.12).

8.2 Theta functions and massless fields in Minkowski space

In the case of M = 2, eq. (8.3) gives solutions for massless scalar and spinor in three
dimensions. In the case M = 4, it describes the superpositions of massless fields of all
spins in four dimensions. Let us stress that direct identification of theta functions with
solutions of 4d massless field equations turns out to be so simple just because, in the
Sp(8) invariant framework, massless fields of all spins turn out to be involved. This is a
manifestation of the general feature that linear and nonlinear field equations for massless
fields of all spins are in a certain sense simpler than those for specific lower spins.

The reduction of the theta function solutions to a definite spin in the Minkowski
subspace of M is more subtle. To this end, let us first of all make precise the relationship
between Majorana indices A, B, ... and two-component indices o, 3... and o/, 3" .... Let
A = (A, A% A3 A%). We set for two-component vectors A

Aa:(A1+Z~A37A2+Z~A4)7 Aal:(Al—iAg,AQ—iA4).

The inverse relations are

Al %@1 Ay, A= %@2 vAZy, o= Lo Ay, = Lo
Introducing
V] =n1—1ing, Vg ="N9—1iNg, Vi =n1+1in3, Vo =no+ing,
which describe points with integer coordinates on the complex plane, we observe that
naAd = v AY + I/auzla/ .
Also we introduce the complex characteristics

a1 =a] —ia3, Q9 =az—1ia4, Q1 =aj+iaz, Qo =as+iay.
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As a result, the theta function with characteristics (8.3) can be rewritten as

0L, 2) = Y. expim(ZPpaps + 22° papy + 2% por g + 263 + 2p00 V) |

RevA, ImvAcZ4
where
Ha = Vo + Qs Mo/ = Vo + Qg

The solutions of spin s field equations in the complexified Minkowski space, that result

from 0[2](Y, Z), are

Con..azs (Z) = (2im)* Z Hay -« - Hazs €XP (Qiﬂzaﬁl,“a,“ﬁ’) ,

RevA, ImvAc 74

(2im)% Z Hay - - - Haly, €XP (Qiﬂzaﬁl,uauﬁ/) .

RevA, ImvAc7Z4

Ca/1~~~a/25 (Z)

9 Conclusion

The main technical result of this paper is the definition of the proper integration measure for
the conserved charges of 4d massless fields in terms of an integral in the ten-dimensional ma-
trix space My. This allowed us not only to reproduce the known HS charges in Minkowski
space starting from the ten-dimensional matrix space M, but also to give the integral
evolution formulae for massless fields via the D-functions in M,. The precise integration
prescription is given in terms of the Siegel upper half-space Hj; [21] of complex M x M
symmetric matrices Z48 = ZB4 with positive definite imaginary parts. More generally,
we observe that massless fields are most conveniently described in terms of the Siegel space
with complex matrix coordinates. In this setup, positive- and negative-frequency solutions
are described, respectively, as holomorphic and antiholomorphic functions in the Siegel
upper half-space ;7. The systematic reformulation of the HS fields in the Siegel space
leads to a number of surprising conclusions.

One is that the unfolded form of the classical massless field equations studied in this
paper distinguishes between positive and negative frequencies, i.e., particles and antipar-
ticles, the property that is usually delegated to the quantization prescription. We interpret
this intriguing observation as the important indication that the unfolding procedure is able
to describe quantization. It is worth to note that the unfolded equations themselves have
a form of a multidimensional Schrodinger equation.

Another important observation is that Riemann theta functions provide a natural
class of periodic solutions of the 4d massless field equations. This fact is a consequence
of the Sp(8) and HS symmetries of the massless field equations. The setup of unfolded
HS field equations is convenient for the analysis of properties of theta functions. For
example, Riemann-type identities [22] can be derived by analysing solutions of the rank r
equations (7.1) analogously to the analysis of massless field D-functions in section 6.

Theta functions provide non-zero solutions of massless field equations that are in-
variant up to a phase factor v/1 under the transformations from the Igusa group I'a C
Sp(2M,7Z) [22]. As a result, theta functions may indeed play a distinguished role in the HS

,32,



theory as highly symmetric nontrivial solutions because the observables constructed from
such solutions, like, e.g., conserved currents, turn out to be invariant under I'y ».

An intriguing possibility would be if such a solution can be identified with a nontrivial
vacuum of the HS theory. Although any such a solution breaks down the Lorentz invariance
to some its discrete subgroup, such a breakdown can be compatible with the observations
if the scales of the periods of the vacuum solutions are large enough. In that case, the
breakdown of the Lorentz invariance may have cosmological implications.

The fact of natural appearance of theta functions in the HS gauge theory is expected
to shed light on a still mysterious relationship of HS gauge theories with String Theory
and integrable systems.
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A Ring of solutions of massless equations

As observed in section 4, the space of solutions of the first-order unfolded current equa-
tion (4.2) forms a commutative associative algebra. A less trivial fact is that the space
of solutions of the second-order unfolded equation (4.9) can also be endowed with the
structure of associative commutative algebra as follows.

Let us introduce the following commutative and associative product o on the space of

fields A(Y|X):
E] Fl
(AoB) (Y|X) = A(Y|X) exp {—QMW—AXABW—B} B(Y|X). (A1)

The space of solutions of the unfolded system (1.3) is closed under the product o, i.e., given
two solutions A, B of (1.3), AoB is its new solution as is easy to see by straightforward
substitution of (A.1) into (1.3).

The meaning of the product o is quite simple. It corresponds to the usual product of
the “initial data” A(Y'|0) and B(Y|0) of the respective problems as follows from (A.1) at
XAB = 0. So, it is not too surprising that the space of solutions forms such an Abelian
algebra. It is remarkable, however, that the product o has the simple and constructive
form (A.1) in Mjps. The integral version of the formula (A.1) with © = 1 reads as
_ det|

XAB 1
771‘)1‘4 |/deVA(Y—|—W|X)B(Y—|—V|X)exp—§WAVBXAB’

(AB) (v1X) = =5

where the matrix X 45 is inverse to X45.

,33,



The generalization to rank r fields in M, [10] is straightforward

0
ogr :exp{ QZW—AXABaYB}
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